Introduction
More than a century ago, J. Wedderburn showed that every finite division ring is a field. Here is one striking but lesser known generalization of Wedderburn's influential theorem : If the nilpotents of a finite ring are all in the center, then the ring is commutative.
I. N. Herstein proved the above statement in [H1] , as a corollary to general commutativity results. Given that we are looking at finite rings, one may suspect that there is a simple proof and this is what we present below.
A reader looking for a taste of noncommutative rings can find many excellent sources, including [H2] , [L] . Since Wedderburn's result is well-known, we will not prove it here again; (An elementary proof can be found in [AZ] ). 0.1. Notation. An element x is called an idempotent if x 2 = x or a nilpotent if x n = 0 for some n > 0. A ring is said to be indecomposable if it is not a direct sum of two rings. The center of the ring is denoted by C and its set of nilpotents is denoted by N .
Finite rings with central nilpotents are commutative
We will prove the main result by combining three presumably well-known lemmas.
Lemma 1.1. Let R be a ring and e an idempotent. If e commutes with all the nilpotents of R, then e is central.
Proof. For any x ∈ R, we have (xe − exe) 2 = 0. As e commutes with all nilpotents, xe − exe = (xe − exe)e = e(xe − exe) = 0.
Similarly ex = exe, thus e ∈ C.
Lemma 1.2. Let R be a finite ring with no non-trivial idempotents. Let x ∈ R.
Then either x is a nilpotent or x is invertible Proof. The set {x 2 i : i ≥ 1} is finite and so x 2 r = (x 2 r ) t , for some r, t.
Let y = x 2 r . Then y t−1 is an idempotent. Indeed,
Since R has no nontrivial idempotents, we have y t−1 ∈ {0, 1}.
Proof. By our hypothesis, the element c = ab − ba commutes with b. Multiplying on the right by b, we get
Continuing this way, we get ab Proof. It is enough to prove the result for the case when R is indecomposable. Then • R has no non-trivial idempotents : If e is an idempotent then e is central by Lemma 1.1, and so R ≃ Re ⊕ R(1 − e).
• p n · R = 0 for some prime p : If m 1 m 2 · R = 0 with (m 1 , m 2 ) = 1, then
Notice that N is an ideal as N ⊆ C. By Lemma 1.2, any x / ∈ N is invertible. Thenx ∈ R/N is also invertible and so (by Wedderburn's result) R/N is a finite field with p · R/N = 0. In particular R/N is commutative, hence
In addition, the set {b Since b p tn ∈ C (by Lemma 1.3), it follows that b ∈ C for all b ∈ R.
